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A method of studying the dynamics of a rigid punch vibrating on the surface of a prestressed half-space
is developed by generalizing [1, 2] the method of factorization for integral equations, with the symbols
of the kernels having branch points on the real axis. The investigations are carried out within
the framework of the linearized theory of the superposition of small deformations on to a finite
deformation {3, 4]. A new approximate solution is constructed for the problem of the vibrations of a
strip-like punch on the surface of a medium. The structure of this solution graphically exhibits the wave
field under the punch and on the free surface and also enables one to carry out an efficient analysis of
the effect of initial stresses on the wave process both under the punch and outside it. In constructing
the solution, a special approximation [5] is used which takes account of all the characteristic features of
the symbol of the kernels of the integral equation including branch points on the real axis. The
vibration at the edges of the punch caused by the excitation of longitudinal and transverse waves by
them in the prestressed medium, is demonstrated explicitly.

AN errFICIENT method of studying the effect of initial stresses on the wave process in the contact
zone and on the free surface was developed in [8-11] within the framework of the linearized
theory of elastic waves [6, 7). However, this method does not take account of the existence, in
the kernel of the integral equation, of branch points on the real axis, which is typical of
problems on the vibrations of a punch on the surface of a half-space. The effect of the branch
points may be neglected [8-15] in the case of low-frequency vibrations of the punch, but these
branch points must be taken into account at fairly high frequencies [1, 2, 5].

1. Three states (configurations) [3, 4, 6, 7] are distinguished when investigating processes in
a prestressed body: the natural (unstressed) state, the initially deformed state and the per-
turbed state. Following [3, 4], let us introduce the system of coordinates x,, x,, x, associated
with the initially-deformed state of the body which occupies the domain x,<0, —eoxyx,,
X, oo,

The boundary-value problem on the excitation of a prestressed medium by an oscillating
load ¢(x,, x,, t), distributed in the domain Q is described by linearized equations of motion
with boundary conditions [3, 4]

V-0 =pd*u/o’
n'e=q(xlax2vt)v x3 =0’ x|;x2 EQ (1.1)
n'®=0, X3=0, xl,,tzEQ
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8=T- Vu+4\/;[ YoE(u)+ y,F -g(u)-F+ Z ZV,,,,,F kpm. e(u)]

k=0 m=0

Here, V is the Hamilton operator, defined in the coordinates of the initially deformed
configuration, u is the displacement vector of an arbitrary point, p is the density of the medium,
n is the outward normal to the surface of the medium, q is the specified stress vector, T is the
initial stress tensor, G and g are the metric factors of the natural and initially deformed
configurations respectively, F is the measure of the Finger deformation [3, 4] of the initial state
and g(u) is the linear tensor of the perturbed state. The coefficients y, participate in the
representation of the equation of state of the material of the medium [3, 4]

T=2J—é-(W0E+W,F+V2F2) (1.2)

and is defined in terms of the elastic potential. In the case of a hyperelastic, compressible
medium, which has an elastic potential of the form (I, = I,(F) are invariants of the measure of
the initial deformation)

3= 3(ll,12,]3) (1.3)

the coefficients y, and V; are defined by the formulae

J3 a3 a” a3

=l Y =l o, Yy =
Vo 3813 A 4 3a +1812 L) o,

(1.4)
‘/()”1_138“”"7 Vlm an+Il a\"m’ V2m=—a",m, m=0,l,2

a, a, o, ar,

Let us further assume that the oscillations are of a harmonic nature and all the functions
have the form f(x,, x,, x;, )= f(x, x;, x;)e””. We will subsequently omit primes and the
exponential factor.

2. Let us assume that the initial deformation is homogeneous and defined by the relation [3,
4] (R and r are the radius vectors of a point of the medium in the initially deformed and natural
configurations, respectively, v;=1+4;, §, are the relative elongations of the fibres directed in
the natural state along the axes x;, i=1,2,3, and §; is the Kronecker delta)

R=r-A, F=A"A A=(8;9]);c125

In this case, the components of the tensor © have the form

0, =2(detA) zx¢g ,i=123
X

du; ou;
~1] .2 —L ] [
B, =2(detA) [Ui Vi axj *t9; axj :I t=J

2x”=a’+bu, Xzb, 1#/

Y Y

a4 =-y + leiz +3‘#’2V;1
by =Vyp + Uizv,z'(vn “’Vlzvjz' +Vyv})
Vi=y + ¥ (] + Ufz')

2.2
0 =-VYot VUi V)
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Using the methods of the operational calculus and the limiting absorption principle, the
solution of boundary-value problem (1.1) can be written in the form (o and B are the
parameters of the Fourier transform with respect to the variables x, and x,)

u(x, Xy, x3) = ﬁ,- [1kCx =&y = x5, 0)q(E mdbn 1)

k(s.0, %3, 0) = [ [ K(at, B, X3, 0)e" ™) dadp
nr

The contours T and I, are chosen in accordance with the limiting absorption principle [1,
2], and the behaviour of the elements of the matrix-function K (e, 8, x,, @) on the real axis, the
properties thereof being determined by the nature of the initial deformed state and the
properties of the material of the medium. In the case when the initial stressed state is specified
by the condition (o) are the components of the tensor T (1.2)) o) =05 203, (state a), the
matrix-function K(a, B, x;, @) has the representation [1, 2, 12, 13] which is characteristic of
dynamic problems in the theory of elasticity

a’M+BIN off(M-N) -iaS
K(o.B.x;,0)=|of(M-N) B*M+0’N -iBS
iaS s R
u= \/az +B%, M=M@u,x;,0), N=N@ux;,0), S=Surxs,n) R=Rurx,o)
M= [o‘lmze"m - o,m e ]u'zA". N = ey 33!
S=[5,-5]A", R=[t, -L,4)A", A=lm, -my,
tk(u,X3) = dkeakxk N Sk(u,xs) = lk03_k86kxk » k = 1,2

Here

Iy = AOF — Agdy, my =[Agdy + A’ 1o}
d, = (A2 —R)/ As, k=12, l;=A0%
02 =(Dy2VE)/2D,, k=12, 63 =R,/ Ay, D, =4 22
Dz = A3R3 + AﬁRl - Aszuz, D3 = R1R3’ Z= D22 -4D|D3
Rk = Akuz —p(l)z, k = 1,2. R3 = A‘]uz ‘pwz
2
A =gX;, A= 2VIVi2. Ay =SV
Ay =280X 3. As =go(P13 +2X)3). A = 80Xy
Ay =8V W13, Ag=goPis. 8 =2(detA)”
In the case when o}, # 03, =03 (state b), the elements of the matrix function K (a, B, x,,
w)=I K, ,, have the form
Ky ={d /i3 - f3007, Kpp = oBlf) - £3 +o,p 215147
KIJ = -ialo’lfl(: - GZfig +f|% }A_l’ Kz[ = K]z
Ky =f5i — fp + OB RIPPA™, Koy = —iBloyf3] - Oofs + fH)}A7
K31 =-Ki3. Ky =Ky3, K33 = (01f3) — 02 f5) + f3} A7
A=0;3hf5-Lify +1fy
Jik =03403n3_yly =13 yn3. fop =13 ymy —G3_yO3my 1,
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fat =03 lmy_yny —ny_ymsl, k=12

fa=mlo —h0,), fos=0,myly ~Loym
fun=010mim —my), fi = fe®, i,k=123
my = Agky + 02 Ay, Iy = A} — (Ayd, +B%Ay)

n, =PB*(Ay + Ay), dy = (A2 —Re)/ As, k=12
my=0lAy, Iy=Ag~Ay, ny=Anct+plh

012,2 =[D, 3 %] 2D,]7, 03 =Ry/ Ay @3)
Dy = AAg, Dy = AynRs+ AR, + A AiB? + R,

Dy = R4Rs + R,f%, =D} -4DD;,

Ry = Aj0% + AP’ - po?

Ry = A0 + A,B% —pw?,

Rg = 4,07 + AgB? - po®

Ry = (AnA, - A})a? + A AP - po’

Ay = 803V, Asy = 80(93 +2Xp;)

Agy = 80923, Asz =280X 13

(A,, ..., A, are defined in the last formulae of (2.2)).
In the general case when o, # 63, # 65(v, # 0, #,), the elements of the matrix-function K (¢,
B, x,, w) are significantly more cumbersome.

3. Expression (2.1) defines the displacement of an arbitrary point of the medium acted on by
a specified load q(x;, x,). In the case of the problem of the vibration of a punch on the surface
of a prestressed half-space, it is necessary to put x;=0 in expressions (2.1). Here, q(x,, x,) is
an unknown function of the contact stress distribution and w(x,, x,)=f£(x;, x,) is the specified
amplitude of the displacements of the punch base. The problem of the vertical vibrations of a
strip-like punch, which, in the plane view, occupies a domain |x, |<a on the surface of the
prestressed half-space (the case of shear vibrations has been investigated in [16]) is a special
case. Its solution reduces to a system of integral equations (f(x)={f(x), fi(x)}, q(x)={q(x),
q,(x)} are the displacement and stress vectors, respectively) which can be written in the
dimensionless form

1
r'<x;)=;‘,; fl -G, <1 (31)

k(t) = [K(@)e®da, K(a)=lK;(a)); ;.3
r

L X% e & L L, ./
.= N .= R t‘.=—, ;= i =
(x. & e ¥y fi== )

We will henceforth omit the primes. In the case of an initial state a
Ky (@)= M°(@), K3(o)=-ias®(e), Ky (o)=-K;3(0), Kz(a)=R"(a) (32)

where
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M° () = (0,my — G,my)A™! (33)
S%(0) = (1,65 - Lo A", R%(0) = (hd,; - hd)A™

The coefficients [, m,, d,, o, are defined by formulae (2.2).
In the case of an initial state b

K, (@) =R(a), Kp(o)= oS (@), K (0)=-K3(), Ky(o)=M°() (3.4)

The functions M°, S° and R° are defined by formulae (3.3), but the coefficients [, m,, d,
and o, are defined by formulae (2.3).

Expression (3.1) is a system of first-order integral equations in the unknown functions of the
contact stresses q(x,, x,). The functions M°, S°, T° and R° (3.3) are analytic in the complex
plane with non-intersecting cuts which strictly lie in the first and third quadrants (there are two
in each of them) and have two poles on the real axis (one each on the positive and negative
semi-axes). The cuts go from the branch points, which are determined numerically from the
equation o,(a, B, @, o), 6%, 0%)=0 (k=1, 2, 3), to infinitely remote points. These functions
exhibit qualitatively different behaviour on the different segments of the real axis: when
la |z x,(x, >x,) they take real values, when lal<xk;, they are purely imaginary and, when
x, <lal<k,, they are complex. The representation || f(a)=c,+O(a™) holds for the functions
R’ and M’ and for the function $%a)-a’S°(a)=c,+O(a™*) when a— . Here ¢, (i=1, 2,3)
are functions of the initial stresses.

4. A detailed investigation of the effect of the initial deformation on the interaction between
a punch and a prestressed medium can be carried out exclusively by analysing the solutions of
the integral equation of the corresponding problems. As an example, let us consider the
problem of the vertical vibrations of a punch, which is strip-like in plan view, on the surface of
a half-space. There is no friction between the punch and the half-space. Let us suppose that the
initial stress-strain state of the half-space is uniform and is determined by the condition
O # 0% # O,

The problem reduces to solving the integral equation

1
u3<x,>=5‘; Vst - D@ = 100, Ixl<1 (@4.1)

ky3(1) = [ Ky (@)e ™ dar 4.2)
r

the function K,(a) is defined by formulae (3.3) and (3.4) with the coefficients (2.4). The
contour I" coincides with the real axis, only deviating from it when going downwards around
the positive singularities of Kj(a), the properties of which have been noted above, and
upwards around the negative singularities.

By virtue of the properties of K,,(a) described above, a number of numerical and asymp-
totic methods ([5, 8-16], for example) may be used to solve the integral equation (4.1).
Following the approach proposed in [1, 2], we replace K,;(a) by the function K * () [5]

o) — Ao? —x2
K (a)_((12-52)((12—'ag)(0.2—(702)M+(a)M‘(a)’ Imao >0
M, ()= BaJot & ot x, + (20t k,)? 43

The function K*(«) retains all the properties of K,,(a) and exhibits the same qualitative
behaviour on the real axis. The poles a=*a, and a=1a, compensate for the zeros of the
functions M,(a) and M _(a). The constants A, B (A>0, B>0) are chosen from the condition
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that the functions K*(a) and K;,() should be equal to each other at zero and infinity.
It is clear that the function K *(a) admits of the factorization

K' (o) = K, (0)K_(at) 44
d*Jatx £ _ [ aeti®i8
= £ ] d = A
K@= G Taar gy @ ¢

d* are chosen in such a way that the condition K,(a)= K_(a) is satisfied.

Taking account of the properties of the function K *(a) noted above, we reduce Eq. (4.1),
after some algebra [12, 13], to a system of second-order integral equations of the following
form (the upper and then the lower signs are taken in succession)

X(z,%)= _?:E I{X(a,i)P(a,z)da+ a(z,t), Imz<0 (45)
i

P(a,z)= K_(a)e > [K, () (o + 2)]”

(2. £) = - [[F(a) F-a}]IK, (@) + 2)]" edar
2 n
X(a,t)=[d* ()t D ()l [K_(a)]™

in the auxiliary unknowns X' (z, +) which are combinations of ®*(a), ® (a), i.e. of the Fourier
transforms of functions which are continuations of the right-hand side of Eq. (4.1) in the
domains x>1 (p*(x)) and x<1 (¢ (x)), respectively and F(o) is the Fourier transform of the
function f{x). The contour T lies strictly above the contour T', but does not leave the regularity
zone which is a certain neighbourhood of the contour I' [1, 2]. The solution of the integral
equation (4.1) is determined by the formula [12, 13]

q(x)= -51; ; [Fa)+®* (o) + (o)l "™ [K (o) dox, Ixl<1 4.6)
O*(0) = 2IX(Fou ) £ X(Fot, )R (0)e ™
The behaviour of the free surface outside the punch has the form
¢* ()= E%l{¢*(a)e““‘da. Ix1>1 4.7)

In order to construct a solution of (4.5) we deform the contour I in the lower half-plane (in
the domain of regularity of X(a, £) K _(a)) in order that it passes around the cuts from the
branch points —x,, -x, to infinitely remote points parallel to the imaginary axis from —x, —io
to —x, and from —x, —ice to —x, on the left of the cuts and from —«x, t0 —«x, —ic and from —x,
to —x, —ieo on the right of the cuts). On representing the integrals over the left and right edges
of the cuts in the form of a sum and taking account of the relation between the values of K (a)
on these edges, we represent system (4.5) in the form [16]

T

X(z,%) = iNiM X(-z,,%) Fo(z,£)+ O(e Z+Ms1y Imz<0 (4.8)
k=1

Z—Zk

rk — _}_’. K— (‘zk) erZkAzk
i K, (-z;)
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where z, =x,+it, (k=1,2,..., N) are mesh points along the edges of the cut, [-k,, —«; —ic]
and z, =x,+it, (k=N+1, ..., N+M), are mesh points along the edges of the cut [-x,,
—k,—i]. Letting z=-z, (n=1, 2, ..., N+M), we obtain a finite system of algebraic
equations in X(z,, ) [16], the solution of which, when substituted into (4.8), yields the
formula

Xay=t 3 % ["i”sza(—z,,t)]+a(z.i). Imz<0 49)
k=1 Z—Zk i=1

where S, are elements of the matrix which is the inverse of the matrix of the form

2+ 2k Jpier,.  N+M

The functions g(x) and ¢(x), y(x) are recovered using formulae (4.6), (4.7).

5. Let us consider the case when the displacement of the base of the punch is specified by the
function

fx)=e™, Ixl<1 (5.1)

Following [1, 2, 12, 13], we continue this function to the intervals x>1 and x<-1. We
thereby change to the new functions ¢*(x) and y*(x)

¢ ()= (x)- €™, x>1, Y (x)=yx)-e™, x<-1 (52)

Then the functions a(z, +) on the right-hand sides of Eqs (4.8) are represented in the form

et

1
D= K mGT

(53)

Taking account of relationships (4.5) and (4.8), and applying formulae of the operational
calculus [17, 18] to (4.6) and (4.7), we obtain

q(x)= —%+ q* (x)+q (x) (5.4)

+ 2 3 + N+M +

()= X | X gu(x)+ X Po(x) (5.5)
n=] | .m=0 k=1

gan (%) = G e™ I [m(1F x)) A (5.6)

@in(x) = G @3 (17), m=1273

1 - -2, x
Pin(x) = 267K 2)e™* 70 + Brgi(z) 1)

Here

o (2) = =700 exf [Ti(x, + DAF Dl-ilx, + )] %

in N+M
::\ : _l i b::a:'k], m=0’1a2’3’ n=1’2
K:(M) 2 =1

(58)

G:n = Y]nsm[u
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eix‘nx

(m

i n "
Bii = “-Ylnalkbki5 G!*n = ‘."max; -
1 K,
N+M
bf=r 3 [Sgo(-z,+)F Spa(-z,-)]
I=]
¥y, =d, e ™ 8§, =i, §,=1, n=123

B 1
d -

e d = tr=tn, E=oby, 1F=-b
d+(32__4) 3 d+(82_4) 1 n 2 0 3 0

The behaviour of the free surface outside the punch is described by the function
P(x)=9*(x), 1¥x<0 (59)

2 \
¢*(x)= TDEVE(EN) + D5, YE(E) + DE W2 (ay) + D WE(G,) +
n=1

N+M
+ 3 CEWE(Z,) (5.10)

k=1
W (z) = e 0¥ erf \[-i(K, (-1 £ x) [-i(x, - A (5.11)

. +in i N+M
DE =y, ™ prt L — LUV pEpr |, m=23 512
Yan an K 250" k (5.12)
—infdnnt

- 1 B
Dﬁ: =Y2a€ tns Y2n =Bd VA, Cf,. = -‘Ylnﬁlkbf
2

The coefficients a,., @,, are determined from an expansion in simple fractions of the
expressions

[oetmK, ()] and [(a-z,)K,(@)]”
respectively, while the coefficients f,; and B, are determined from the expansion
K_(@)otn)”’ and K_(a)otz ]’

respectively. The functions K,(e) are defined by formulae (4.4). The constants a,, @, b, b,
which occur in (5.7) and (5.10) are zeros of M, (@) (4.3) and

L(a) = Baqja N X, -\Iu +Ky - (2a + X,)?

respectively.

It is seen from the representation (5.6) that the initial stresses have an effect on the
singularities of an oscillatory character.

It follows from (5.5) and (5.7) that rapidly decaying waves move from the edges of the punch
with velocities equal to those of the longitudinal and transverse waves in the prestressed
medium. Similarly, rapidly decaying waves which move from its edges and have the velocities
of longitudinal and transverse waves are developed on the free surface outside the punch (5.9).
Apart from these waves, one non-decaying wave (Im &=0) propagates in each of the two
directions along the surface from the edges of the punch, with the initial stresses having an
effect on the phase velocity of this wave as well as on the velocities of the rapidly decaying
waves.
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6. As an example, let us consider the problem of the vibration of a plane punch (7=0). For this
purpose, it is necessary to put 7=0 in formulae (5.1), (5.2), (5.4)~(5.8) and (5.9)—(5.12). Here, there is no
appreciable simplification of expressions (5.4)—(5.12). The validity of the equalities

D:m=D;m=Dmm C:nzck_n=ckm G;n=G;m=Gmn

bg =b£ =bk’ B;n =B;n =Bkn

follows from (5.3), (5.8) and (5.12) which determines the symmetry of the wave process on the surface of
the medium. We note that, when 1 =0 in the unstressed case, the degenerate component of the function
q(x) (5.4) is qualitatively the same as the asymptotic solution [5] in the case of high-frequency vibrations.

The amplitude of the reactive force, acting on the planar punch (n=0) from the half-space, has the
form

i
P= Iq(x)dx=Pl+P2‘ Pn=POOn+P0n+Pln (61)
-1
where
2 NiM o p 1%k 2y
Poop = ————+ +2iG, e*"n
K@) =) Ki(zp) 2 "x N
+\4k k n (62)
3 { N+M
Py, =20,(0) Gy, +2] 1+ 1 Gy, +i Smn 1 s Bin.
4ix,, met Tm 2 55z

3 G N+M B
P,==2i 3 =M, (0)+i T 2, (2
: Eﬂ*m »{lm) k§1 2 »(2) 6.3)

&, (x)= e % erf {2i(x, + ) [=i(k, + )] 2, n=12

Formulae (5.4)-(5.8) and (5.9)—(5.12) quite graphically represent the structure of the wave field both
under the punch and on the free surface. The parameters x, (k=1, 2) are related to the initial
deformation in a complex way, and the initial stresses therefore have an immediate effect on the nature of
the wave field.

7. Formulae (5.4)-(5.12) and (6.1)~(6.3) are constructed in the most general case, regardless of the form
of the initial stress state and the properties of the material of the medium. In order to carry out further
investigations it is now necessary to specify the properties of the medium. For this purpose, we assume
that the material of the medium is compressible, initially isotropic and has the elastic potential (1.3). As
the latter, we use the Murnaghan potential [3, 4]

1 S n 1 n
= Z[(—n—lu+-§-l+-5)l,(F)+—2-(k+2u-3l-2m)ll(F)+(—2u+3m-§—)lz(F)—

—mll(F)IZ(F)+%(I+2m)l,3(F)+-;-(l3(F)-1)]

(A and pu are Lamé constants, and /,m and n are third-order constants). Assuming that the initial
deformation is uniform (v, = const), we obtain from (1.4)

1
=—nl
Yo Iy 3

v =§[<l. LR T (SRS RIS
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("2} =-:T[2u+m(ll -3)+—;-n]

A material with the following parameters was used for the numerical calculations: p=7.748x10?
kg/m?, A=11x10" N/m?>, u=0804x10" N/m®, /=-6.32x10" N/m?>, m=-325x10" N/m®>, n=-8.04
x 10" N/m* (09G2S steel |3, 4]).

The initial stressed state was assumed to be uniaxial and defined by the condition &7, =p, 6% =63 =0.

Graphs of the functions (g°(x)=g(x) without any initial deformation of the medium) Re ¢°(x) and Im
q°(x) are shown in Figs 1 and 2 for various values of the vibrational frequency of the punch (curves 1-5
correspond to the values x, =0.9, 3.0, 4.5, 7.5 and 10.5). It is seen that, at the low frequency «, =0.9, the
distribution of the contact stresses is close to the static one (the function Re g°(x) has a constant sign and
is significantly greater than Img°(x)). At the intermediate frequency (x,=3.0), Im ¢°(x) increases
sharply and Re ¢°(x) changes sign in the contact region while retaining its monotonic form. At high
frequencies (curves 3-5) the plot of the contact stresses acquires an oscillatory form due to the fact that
the wavelength of the shear wave excited by the edges of the punch becomes less than its size. The effect
of the longitudinal wave occurs in the curve of the stress graph (curves 4, 5). The superposition of the
oscillating terms on the penetrating (constant at fixed frequency) component g°(x) transforms Im g°(x)
initially to a saddle-shaped form and, then, as the frequency is increased further, to a serrated form.

The functions Re 7(x) (Fig. 3) and Im n(x) (Fig. 4), where 1n(x)=[g%(x)—q(x)]1x10* is the change in
the contact stresses, are shown as a function of frequency (curves 1-5 correspond to the same values of x,
as in Figs 1 and 2) at a fixed initial deformation. At a low frequency, the effect of the initial deformation
has a monotonic form over the entire domain of contact with the exception of the edges of the punch. the
effect of the initial deformation becomes more complex at intermediate frequencies. For instance, already
when «, =3.0 (curve 2), Re n(x) and Im n(x) change sign in the contact region. At high frequencies
(curves 4 and 5), the effect of the initial deformation acquires an oscillatory character and the amplitude
of the oscillation increases with frequency.

2 -1

Fie.1. F1G.2.
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The functions Re n(x) (the solid curves) and Im 7(x) (the dashed curves) are shown in Figs Sand 6 as a
function of the magnitude of the initial stresses (curves 1, 2, and 3 correspond to the values p=25x107,
5x10™* and 107) at fixed values of the frequency: x, =4.5 (Fig. 5), x,=7.5 (Fig. 6). It is seen that there
are points under the punch where the initial deformation has no effect, as well as points where the effect
of the initial deformation is a maximum. The number and locations of these points depend very much on
the frequency. As the frequency increases, the number of points where the initial deformation has no
effect on Re g{x) and Im ¢(x) increases.
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